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ABSTRACT Local chain dynamics in solid Bisphenol A polycarbonate (BPAPC) was studied through ita 
effect on the line width of the l3C NMR signals of samples spinning at the magic angle. The homogeneous 
line widths, which are associated in part with motion, were separated from the inhomogeneous line widths, 
which have causes such as a distribution of local packing environments, through generation of a spin-echo 
train. The line widths of the protonated aromatic carbons depended strongly on temperature. A motion that 
could cause such temperature-dependent line widths is ring flipping. Ring flipping would not contribute to 
the widths of carbons lying on the flipping axis, and indeed the widths of the resonances from the nonpro- 
tonated carbons were temperature independent. The temperature of maximum line broadening of the signals 
from the proton-bearing carbons is consistent with an activation energy of 8-9 kcal/mol. Three-fold rotation 
of the methyl groups is adequate to explain the width of the signals from the methyl carbon at low tem- 
perature. However, isotropic motion of the methyls with a temperature-dependent amplitude, in addition 
to methyl rotation, is not ruled out. 

The temperature and structure dependence of the me- 
chanical, electrical, and transport characteristics of poly- 
mers implies that there is a molecular origin of these 
properties. Some of the attributes probably derive from 
the dynamic properties of the polymer chain. It is generally 
believed that, above the glass transition temperature, there 
is cooperative motion of large segments of the polymer 
chain and its neighboring chains. There is some evidence 
that properties such as impact strength and diffusion are 
associated below the glass transition temperature with 
motions of localized, relatively small sections of the 
polymer 

Of the spectroscopic tools for determination of the mo- 
lecular origins of polymer dynamic properties, NMR 
spectroscopy is one of the most developed. However, most 
studies with NMR give only general information about 
motion in the sample. Proton NMR spectroscopy, for 
example, lacks the specificity to identify the mobile 
domains or moieties in polymer chains unless signals from 
some portions of the chain have been eliminated by isotopic 
substitution. The most common method of inferring the 
relation of local chain motions to macroscopic polymer 
properties is by observation of the effect of substitutional 
replacement of key portions of the polymer repeat unit on 
the properties. 

By contrast to proton NMR spectroscopy, deuterium 
NMR spectroscopy is very powerful in clarifying the nature 
of local chain motions in polymers and is highly site specific 
in that signals are obtained only from positions that have 
been labeled with deuterium. Unfortunately, the speci- 
ficity is obtained at  the cost of special synthetic procedures 
to prepare labeled samples. Polymers as they come from 
industrial production cannot be used at all. 

13C NMR spectroscopy also provides site-specific in- 
formation about motion because, with high-power decou- 
pling and magic-angle spinning, resolved signals from 
chemically different carbons often are observed. Chain 
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motion affecting each carbon site can be explored selec- 
tively through properties of the nuclei such as their nuclear 
relaxation times. Carbon NMR spectroscopy normally 
does not require isotopically labeled samples. 

The widths of the 13C: NMR resonances have only rarely 
been used as a source of information about chain motion 
in polymers. The primary impediment is that the motional 
contribution to the line width of a 13C nucleus in an 
amorphous polymer is generally small. Typically, an 
observed signal from an amorphous polymer is broadened 
more by the spread in absorption frequencies resulting 
from the multitude of local environments for the nuclei 
than by chain motion. The line width caused by the spread 
in frequencies is an example of inhomogeneous broadening 
of the NMR signal. The motional contribution to line 
broadening is an example of homogeneous broadening. 

In the presence of severe inhomogeneous line broadening 
the homogeneous line broadening must be determined with 
a suitable spin-echo method. NMR line widths are 
inversely proportional to the rate a t  which the NMR signal 
decays as a function of time. The essential feature of a 
spin-echo experiment is that the decay related to the in- 
homogeneous broadening of a signal can be reversed with 
application of an appropriate NMR pulse.6 In a set of 
experiments in which the decay related to inhomogeneous 
broadening has been cancelled through the formation of 
a spin echo, the much slower decay caused by motion can 
be detected. The spin-echo method is illustrated here for 
a typical synthetic polymer, Bisphenol A polycarbonate 
(BPAPC). Conclusions about the nature of local motion 
in Bisphenol A polycarbonate are inferred from the results. 

Bisphenol A polycarbonate (BPAPC) 

Experimental Section 
Samples. Three different materiale were examined. One was 

Lexan 145, used as received. A second consisted of Merlon M40 
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Figure 1. Pulse program used for eneration of "spike" l9C NMR 
spectra. Sample spinning is coorfiinated with the pulse cycle so 
that each 180' pulse occursat the same point in the cycle. Usually 
there were 32 rotation cycles between each pair of 180° pulses. 

pellets, also used as received. The third was a film that was 
pressed from the Merlon pellets at 200O and quenched in ice. 

The polymers were packed with a little KBr and alumina into 
a sample spinner made of sapphire. The bromine signal of the 
KBr was used for adjustment of the angle of magic-angle 
spinning.' 
NMR Spectra. 13C NMR spectra were generated with a 

Bruker CXP-100 spectrometer equipped with an Aspect 3000 
computer and a magic-angle-spinning probe from Doty Scientific. 
The 90° pulse times for both carbons and protons were normally 
4 . 5 ~ 9 .  The sample temperature was controlled with the standard 
Bruker equipment. The temperature on the controller was 
calibrated against the temperature of a thermocouple inserted 
in the exit gas just above the sample spinner in a probe on the 
bench top. Reported temperatures are believed to be accurate 
to within 2 'C. 

A typical spin-echo experiment began with generation of 
transverse carbon magnetization by cross-polarization. A series 
of spin echoes was then creat ?d witha train of 180' pulses (Figure 
1). The signal was detected continuously throughout the echo 
train. The phase of the pulse train was alternated between 0' 
and 180' with respect to the cross-polarization pulse on alternate 
scans to cancel out pulse artifacts. 

The actual spinning rate was chosen to minimize interference 
of spinning sidebands with the signals of interest. The pulse 
spacing was then chosen to be an exact multiple of the spinning 
period. Typically the multiplier was 32. With this multiplier 
the pulses in the echo train were spaced about 10 ms apart. 

Synchronization of the pulse train and sample spinning was 
essential."12 Improper synchronization would have led to 
unwanted modulation of the echo train.* This modulation would 
have led to additional peaks in the final spectrum separated 
from the primary peaks by the modulation frequency. Corre- 
spondingly, drift in the spinning speed would have led to artificial 
suppression of the echo train and unwanted broadening of the 
peaks in the final spectrum. To minimize the effect of drift in 
the spinning speed, we used spinning rates of only 1500-2000 Hz 
and held the pressure of the drive gas constant with one or more 
pressure controllers. Normally the spinning speed remained 
within 5 Hz of the nominal value during the course of an 
experiment. 

The homogeneous line width of a particular signal in the 
spectrum is inversely proportional to the decay rate of the 
component of the spin echo corresponding to that signal. In 
principle, the decay rates of each of the signals in the spectrum 
could have been determined with Fourier transformation of the 
latter half of each echo and measurement of the rate at which 
each spectral component decayed. Instead, we used an alternative 
procedure involving Fourier transformation of the entire train 
of spin echoes together.l*16 The train of spin echoes is analogous 
to the train of rotational echoes generated by magic-angle 
~pinning.~eJ~ For the latter the %pun" echoes lead to spinning 
sidebands in the spectrum after Fourier transformation. Like- 
wise, Fourier transformation of a spin-echo train leads to an 'echo" 
or 'spike" spectrum broken into a seriesof sidebands. The widths 
of the individual spikes are effectively the homogeneous line 
widths. The difference between the standard spectrum of 
solid BPAPC and the echo spectrum is illustrated in Figure 2. 

The spikes in the spectrum derived from the spin-echo train 
differ from the sidebands generated by magic-angle spinning in 

Standard 
Spectrum 

'Spike' 
Spectrum 
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SSB 1111 
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Figure 2. Spectra of Lexan 145 taken at room temperature. The 
top spectrum was derived in the standard fashion from a signal 
generated with cross polarization. The bottom spectrum was 
generated from a spin-echo train. Because relatively slow 
spinning was used for both spectra, there are prominent spinning 
sidebands. 

one important respect. Spinning sidebands are centered about 
the isotropic frequency of each resonance whereas the echo spikes 
are centered about 0 frequency in the spectrum. 

The difference between the echo spectrum and a standard 
spectrum can be appreciated if attention is focused on the 
spectrum from a single type of carbon nucleus. The envelope of 
spikes in the echo spectrum traces out the resonance of this carbon 
in the standard spectrum. The width of the envelope is 
determined by the rate at which the corresponding signal in a 
single echo decays, which is the same as the rate at which the 
standard free-induction-decay signal decays. However, the width 
of the spikes themselves is determined by the rate at which the 
entire echo train decays. Because the spikes for carbons in 
different chemical environments vary in width, the relative 
intensities of the envelopes for chemically different nuclei may 
differ from the relative intensities of the corresponding resonances 
in the standard spectrum. 

Before Fourier transformation the train of echoes was mul- 
tiplied by a comb of exponential functions, having the effect of 
broadening the width of the envelope (usually by 15 Hz). The 
echo train was then multiplied by a single exponential function, 
having the effect of broadening the width of the spikes (usually 
by 1 Hz). 

Rssults 
The appearance of the spike spectrum of BPAPC 

depends strongly on the temperature at which the spec- 
trum was measured (Figure 3). At temperatures slightly 
below room temperature the spikes of the protonated 3, 
3', 4, and 4' aromatic carbons are broader than they are 
at 305 K. At still lower temperatures they are again sharp. 
The spikes of the methyl carbon are broader at low tem- 
peratures than they are at room temperature. Unlike the 
spikes from the aromatic carbons, the spikes from the 
methyl carbon are still broad at the lowest temperatures 
of measurement. The spikes of the quaternary 6 carbon 
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Figure 3. Temperature dependence of the 1% NMR spike 
spectra of BPAPC. Spinning sidebands are labeled 'ssb". 

are slightly broader a t  low temperatures than at  305 K, 
but the spikes of the nonprotonated 2 and 5 aromatic 
carbons and the carbonyl carbon are just as sharp at  low 
temperatures as they are a t  room temperature. 

Precise measurement of the widths of the spectral spikes 
proved difficult, in part because the individual spikes have 
a non-Lorentzian shape, as would be expected for motion 
that is characterized by a distribution of relaxation 
times.'8Jg A convenient ad hoc parameter that reflects 
the spike width independently of the exact shape of the 
signals is the ratio of the height of the tallest spike in a 
given group to the height of the valley separating that 
spike and the adjacent spike. Plots of this ratio vs inverse 
temperature for the protonated aromatic 3 and 3'carbons, 
the protonated aromatic 4 and 4' carbons, and the methyl 
carbons are shown in Figures 4-6. 

Initially it appeared that the temperature plots for the 
various samples of polycarbonate differed. Careful ex- 
amination of spectra for different materials taken on the 
same day under identical conditions showed no variation 
in the results for different samples. The plots in the figures 
are composites for different materials. 

The measured intensity ratios are subject to various 
experimental problems. For example, residual broadening 
from rionmotional sources, such as incomplete decoupling, 
can skew the results. The exact shape of the curves in 
Figures 4-6 should thus be considered qualitative. Nev- 
ertheless, the widths of the aromatic spikes clearly go 
through a maximum in the range of inverse temperature 
of (3.70-4.25) X K-l(235-270 K). The spikes for the 
methyl carbons broaden with decreasing temperature and 
reach an apparent plateau. The plateau is probably 
illusory because, once the spikes have broadened into the 
base line, it is no longer possible to detect changes in the 
spike width. The plateau simply indicates that the height 
of the largest spike is no greater than the noise level. For 
a measurement temperature of 160 K the width of the 
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Figure 5. Temperature dependence of the peak-to-valley ratio 
of the spikes from the 4 and 4' aromatic signals of BPAPC. 
aromatic spikes is a modest function of the spinning rate, 
as is shown in Figure 7. 

Discussion 
Lyerla20 reported a series of 13C NMR spectra of Bisphe- 

no1 A polycarbonate recorded at  temperatures between 
101 and 295 K. The appearance of the spectrum depends 
strikingly on the temperature of measurement. The me- 
thyl signal is sharp at  295 K but is very broad at  148 K. 
It is again sharp at  101 K. The appearance of the 3,3', 
4, and 4' aromatic signal also is a function of the tem- 
perature of measurement, but the changes cannot easily 
be characterized because of the competition between 
motional and nonmotional sources of line broadening. 

Motional information that is obscured by nonmotional 
sources of line broadening in the standard spectrum clearly 
becomes visible in the spike spectrum. Although the spikes 
of the aromatic carbons are sharp at 305 K, they are broad 
for a measuring temperature of 253 K. For still lower 
temperatures the spikes are again sharp. The tempera- 
ture of maximum broadening is about 250 K. The spike 
spectra also reflect the broadening of the methyl signals 
as the measuring temperature decreases. 

An understanding of how best to extract the motional 
information in the spike spectrum requires further dis- 
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In the absence of motion, proton irradiation reduces the 
effect of carbon-proton coupling by imparting a high- 
frequency time dependence to the interaction. The 
strength of the irradiation determines the period of the 
time dependence, and when the period is short, the 
interaction can effectively be ignored. But for dtcoupling 
to be effective, the carbon-proton coupling must not be 
changed by other processes such as molecular motion 
during the typical decoupling cycle. Motion that occurs 
on a time scale similar to the decoupling period causes 
transverse magnetization to decay faster than it would in 
the absence of motion, and this translates into broadened 
lines in the frequency spectrum.22 Broadening caused by 
motional interference with proton decoupling is closely 
related to spin-lattice relaxation in the rotating frame as 
is explained in Appendix B. 

Motional interference with magic-angle spinning occurs 
in much the same way as does motional interference with 
proton decoupling. For magic-angle spinning to remove 
the effect of chemical shift anisotropy on the spectrum, 
the individual molecular fragments must maintain a 
constant orientaion relative to the sample container during 
the average spinner r e v ~ l u t i o n . ~ ~  Equations relating 
carbon line widths to motion are derived in Appendix A. 

Maximal interference with proton decoupling occurs 
when motion occurs on a time scale comparable to Cod-', 
where Od is the angular rate a t  which the proton irradiation 
stirs the proton bath. Maximal interference with magic- 
angle spinning takes place when motion occurs on a time 
scale comparable to w,-l where ur is the angular spinning 
rate. A typical spinning rate is 2ir X 5 krad/s whereas a 
typical decoupling rate is 27r X 50 krad/s. A dynamic 
process characterized by an activation energy of 10 kcal/ 
mol that interferes most severely with magic-angle spinning 
at  220 K interferes most severely with proton decoupling 
at 247 K. For such asmall temperature difference, separate 
maxima in the two types of broadening probably cannot 
be observed. Thus broadenings from interference with 
magic-angle spinning and proton decoupling probably both 
contribute to the widths of the signals from the aromatic 
carbons of BPAPC at  temperatures below 250 K (Figures 
4 and 5). 

Ring Motion in BPAPC. The aromatic rings in 
BPAPC undergo facile 180° flips.l9*24-29 Ring flipping is 
the most obvious explanation of the broadening at  low 
temperatures of the spikes for the protonated aromatic 
carbons. The spikes of the nonprotonated carbons, which 
lie on the axis of ring rotation, will not be affected by ring 
flipping. 

At the temperature of maximal spike broadening, 270 
K, the rate of ring flipping is close to 47r X 50 000 s-', the 
effective rate associated with proton decoupling affected 
by a two-site hopping mechanism. Activated complex 
theory30 then indicates that the free energy of activation 
at  that temperature is 8.6 kcal/mol. Deuterium's and 
carbonlg NMR spectroscopies show that there is a dis- 
tribution of rates for ring flipping. The distribution of 
activation energies associated with the distribution of rates 
is centered around 9.1 kcal/mol.l8 

The free energy of activation is not equivalent to the 
Arrhenius activation energy and need not agree. The 
difference between the two primarily lies in the entropy 
of activation, however. Presumably, the entropy of 
activation for ring flipping is small enough to be ignored. 
Thus the free energy of activation should be close to the 
Arrhenius activation energy. The activation energies from 
deuterium and carbon NMR are in reasonable agreement. 
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Figure 6. Temperature dependence of the peak-to-valley ratio 
of the spikes from the methyl signals of BPAPC. 
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Figure 7. Spinning-rate dependence of the peak-to-valley ratio 
of the spikes from the protonated aromatic carbons of BPAPC. 

cussion of the sources of homogeneous and inhomoge- 
neous broadening of 13C NMR signals of solids spinning 
at the magic angle. VanderHart and co-workers considered 
in detail the physical phenomena responsible for these 
widths.21 

Inhomogeneous broadening in spinning samples results 
in part from magnetic-field inhomogeneity, missetting of 
the spinning angle, and bulk susceptibility effects.21 In 
amorphous polymers, however, most of the inhomogeneous 
broadening comes from the range of absorption frequencies 
of the nuclei in the various individual polymer fragments 
situated in different local environments. Each observed 
NMR signal is actually a composite of the shifted signals. 
The inhomogeneous broadening does not usually result 
from molecular motion. 

We will focus in the rest of the paper on the homogeneous 
broadening, which does derive in large part from motion. 
Homogeneous broadening in the 13C spectra of spinning 
polymers generally results from processes that act on the 
carbon magnetizations through the carbon-proton cou- 
plings or through the chemical shift anisotropy. 

Theoretical Considerations. Molecular motion cre- 
ates homogeneous broadening by reducing the effective- 
ness of either proton decoupling or magic-angle spinning. 
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Recent work has shown that ring flipping is slow 
enough at  temperatures below 125 K that separate signals 
for nonequivalent aromatic carbons separated by about 
100 Hz can be resolved.31 Resolution of signals from two 
exchanging sites takes place when the exchange rate is 
less than about * A u l d 2  s-l, where Au is the spectral 
separation in the absence of ex~hange.3~ If the rate of ring 
flipping is 47r X 50 000 s-l a t  270 K and the activation 
energy is 8.6 kcal/mol, the rate of ring flipping at  179 K 
is 314 s-l. Ring flipping is slow enough that separation of 
the resolved signals should have begun at  this tempera- 
ture. Nevertheless, complete resolution of the aromatic 
signals takes place at  some temperature below 179 K 
because of the distribution of correlation times for ring 
flipping.33 If the rings in some sites have an activation 
energy of only 7.0 kcal/mol for ring flipping, the rate of 
flipping at  those sites does not reach 314 s-l until a tem- 
perature of 147 K. Full resolution of the spectrum occurs 
a t  still lower temperatures as the signals actually become 
sharp. 

The behavior of the spin-echo spikes in the tempera- 
ture region of maximum broadening can be used to limit 
the size of the distribution of correlation times. Calcu- 
lations of the type outlined in Appendices A and B indicate 
that the maximum broadening caused by interference of 
ring flipping with proton decoupling is about 1 kHz. Ring 
flipping that occurs a t  a rate 1 order of magnitude either 
slower or faster than the optimum value causes broadening 
of 0.2 that a t  the maximum. We consider that the spikes 
are broadened into the base line when their width is 
comparable to the spacing between the spikes, which is 52 
Hz. Thus complete disappearance of the 13C signal is 
consistent with a distribution of correlation times for ring 
flipping of no more than about 2 orders of magnitude. 

Although most of the results are consistent with a 
primary activation energy of 8.6 kcal/mol, such a high 
value should lead to slopes of the curves in Figures 4 and 
5 that are much greater than is actually observed. The 
apparent activation energies are only 2-3 kcal/mol. 
Several explanations are possible. The presence of broad- 
ening from interference with magic-angle spinning and 
proton decoupling acting together reduces the tempera- 
ture dependence that would be observed for either process 
alone. A distribution of activation energies or entropies 
also reduces the temperature dependence of the observed 
line width and can lead to an apparent activation energy 
that is much too low. We know that a distribution of 
activation energies exists,33 and computer simulations of 
the line shapes shows that the slope is lowered the required 
amount without other unaccountable consequences for 
the observable data. Finally, there are significant non- 
motional contributions to the spectral line widths. Mea- 
surements on rigid model compounds comparable to 
BPAPC show that the nonmotional contribution to the 
spike width of the protonated aromatic carbons is about 
5 Hz. At  some temperatures this is a comparable 
contribution to that from motion. As the spikes sharpen 
with increasing temperature, the nonmotional component 
becomes increasingly important, and the apparent tem- 
perature dependence of the spike width is reduced. Thus 
it appears that reliable estimates of activation energies 
for polymer chain motion from the spike spectra may be 
difficult. 

Methyl Motion in BPAPC. Deuteratedmethyl groups 
in BPAPC undergo facile 3-fold rotation.33 The activation 
energy is about 4.3 kcal/mol. The activation parameters 
from deuterium NMR spectroscopy suggest that a t  160 K 
methyl rotation should interfere maximally with proton 
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decoupling. In fact, Lyerla and co-workers observed the 
broadest methyl signals a t  about 160 KSm 

The methods of Appendices A and B indicate that the 
maximum broadening of the carbon in a rotating methyl 
group is about 1500 Hz at  a decoupling power of 50 kHz. 
If the activation energy for methyl rotation is 4.3 kcal/ 
mol, line broadening at 230 K from methyl rotation should 
be about 3% of that a t  the maximum, or 25 Hz. This is 
approximately the amount to which the signals in the spike 
spectrum are broadened. Thus the carbon results are 
consistent with the deuterium results in showing that 3-fold 
methyl rotation is sufficient to account for most of the 
observed line broadening. 

Nevertheless, the results of dipolar rotational spin-echo 
carbon NMR spectroscopy at  room temperature could be 
matched only with the inclusion of approximately 15O 
isotropic motion of the methyl groups in addition to 3-fold 
rotation.34 How can this be reconciled with the spin-echo 
results at lower temperature, which are fully explained by 
methyl rotation alone? Any motion of the methyl groups 
other than 3-fold rotation should have a temperature- 
dependent amplitude, either because it involves librational 
motion in a potential well or because it involves hopping 
between sites of unequal population. If the amplitude of 
this motion is only 15’ at  room temperature, it probably 
is too small to have a significant effect on either the 
deuterium or the carbon spectrum a t  low temperature. 
Indeed, 15’ of motion would be difficult to detect in the 
deuterium spectrum in any case. 

The barrier to methyl rotation in BPAPC of between 
4 and 5 kcal/moP3 is unusually high. Likewise there is a 
distribution of correlation times for methyl rotation 
spanning about 2 orders of magnitude. Methyl rotation, 
acting alone, should disturb the surrounding matrix very 
little, and chain packing should be unimportant in 
determining the rate of methyl rotation at  a particular 
site. There should be a narrow distribution of rotation 
rates. The high barrier and distribution of rates suggest 
that 3-fold rotation of the methyl is coupled to motion of 
the aromatic rings. A requirement that methyl rotation 
be coupled with ring motion would raise the effective 
barrier for methyl rotation. The effect of chain packing 
on the rate of ring motion accounts for the distribution of 
rates for methyl rotation. 

Conclusion 
The spike spectra provide a very convenient means to 

bring out motional effects in the 13C spectra of BPAPC. 
The temperature dependence of the line widths of BPAPC 
is consistent with a free energy of activation of 8-9 kcal/ 
mol and a distribution of rates for ring flipping spanning 
about 2 orders of magnitude. 

Acknowledgment. We are very grateful to Dr. James 
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BPAPC. 

Appendix A. Theoretical Relation between the 
Rate of Molecular Reorientation and NMR 
Spectral Line Widths in Solids 

Fast Magic-Angle Spinning. The discussion below 
specifically treats the case of motional interference with 
magic-angle spinning. The equations for motional inter- 
ference with proton decoupling are similar. 

Reorientation is most easily described in reference to 
a “motional frame”, chosen to take maximum advantage 
of the symmetry of the motion. For 180’ flips of an 
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aromatic ring, for example, the motional frame is conve- 
niently picked so that one axis lies along the flipping axis 
and the ring lies within the plane defined by that axis and 
one of the other axes. 

Initial analysis of the effect af motion is made with 
respect to a motional frame having an arbitrary orientation 
with respect to the magnetic field. An ensemble average 
is then performed over all possible orientations of the 
molecule with respect to this frame. Ultimately the results 
for a multitude of orientations of the motional frame with 
respect to the laboratory frame are integrated. 

The equation describing the time dependence of the 
ensemble-averaged density matrix, &t), in a particular 
motional frame is 

dp/dt = -i [% ,(t),p(O) 1 - J t  [% ,(t), [%1(t-T),P(t--7)1 I d7 
(1) 

where %1(t) is the Hamiltonian in the interaction rep- 
resentation% and the bar represents the ensemble average 
over all molecular orientations within the motional frame. 
The time dependence of &t) and Hl(t) includes high- 
frequency oscillation at  multiples of the Larmor frequency 
in the interaction oscillation at  multiples 
of the spinning frequency, and stochastic reorientation of 
the molecular fragments. Equation 1 differs from eq 32 
on p 276 of the book by Abragam36 in that the explicit 
time dependence of the density matrix is retained within 
the integral; it is an exact expression. 

In terms of spherical tensor operators,35 the Hamilto- 
nian for a particular molecular orientation can be written37 
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Substitution of eqs 3 and 4 into eq 1 leads to 

m 

where the time-dependence of the Hamiltonian induced 
by magic-angle spinning and the reorientation process is 
completely absorbed into the coefficients A m ( t ) .  In the 
interaction repre~enta t ion~~ oscillations a t  m times the 
Larmor frequency also contribute to the time dependence 
of the The coefficients contain a secular part 
only if the various sources of time dependence counter- 
balance each other. We are interested in relatively slow 
motions that have essentially no spectral density a t  the 
Larmor frequency. Thus our attention can be limited to 
the term for which m = 0. Without explicit designation, 
H * ( t )  will refer in the rest of the paper to this truncated 
Hamiltonian. 

Let us now expand the coefficients of this term and the 
density matrix in Fourier series in the spinning frequency 
Or. 

Note that we eliminate the term for which k = 0 from the 
expansion for the Hamiltonian because we are working in 
an interaction representation% that rotates a t  the isotropic 
frequency (the rotating frame). 

dp/dt - i [7f l ( t ) ,p (0) ]  - 
s,” C a k o ( t )  ak#,(t-7) [ T ~ ~ , [ T ~ , ~ ~ ( ~ - ~ ) I I  x 

k&#O j 

exp[-i(k + k’ + j)w,t]  exp[i(k’ + j)wr7] d r  (5 )  

In the case of interest, w;’ >> I%ll. We will assume that 
ro(t) is the most significant coefficient in the series 
expansion of the density matrix because, with fast spinning, 
sidebands in the spectrum are small. Likewise, we consider 
only that portion of the Hamiltonian in the first term on 
the right-hand side of eq 5 for which k = 0. The other 
parts of the Hamiltonian are the source of the oscillation 
in the density matrix that we are ignoring. In the time 
average the stationary part of the Hamiltonian vanishes 
in the ensemble average so that the entire term can be 
ignored. 

Setting j = 0 in eq 5 and eliminating the first term gives 

The exponential function in front of the integral is 
another source of oscillatory terms in the expansion of the 
density matrix. Accordingly we set k = -k’ because, again, 
we are fixing our attention on the nonoscillatory part 
associated with the spectral center band. We are left with 

exp(-ikw,d dr (7) 
where ro(t) now evolves slowly with time compared with 
the akO(t). As justified by the arguments in Abragam,% 
we can perform separate ensemble averages on the 
operators within the integrand and the functions in a&), 
pull the operators outside of the integral, and extend the 
limit on the integral to infinity to get 

exp(-iko,r) dr (8) 

exp(-ikw,T) d7 

exp(iko,r) dr 

(9) 

where 00 is the Larmor frequency, and ( I )  signifies 
T r  ( I p ) ,  where I is an operator. The spectral line width 
is l/(r/Tz). 

Details of a particular type of motion are expressed in 
differences in the functions ukO(t) a-ko(t-r), which provide 
a definition for correlation functions g-k(t). The specific 

= -T-’ 2 ( +  1 ) 
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form of g-&) is 36 

g-k( t )  = L1L2P(n1,t-7) P(Ql,t-7;&t) 

ako(fl&-k0(5$) dQ1 dQ2 (10) 
wherep(Q1,t) is the probability of the molecular axis system 
having an orientation in the motional frame specified by 
the set Q1 of Euler angles a t  time t and P(f&,t-T;&,t) is 
the conditional probability of the molecular axis system 
having orientation Q2 at  time t if it had orientation fll at 
time t - 7. We now treat the function ako(Q2) in terms of 
the set of Euler angles Qi rather than explicitly in terms 
of time. In stationay systems the correlation function is 
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interaction frame in which the proton z axis is aligned 
along the irradiation magnetic field the Hamiltonian has 
the form 

%,(t) = (2/3)'/2~,(t) I,[s+ exp(iwlt) + S- exp(-iw,t)] 

(18) 
where A&) = CDp&~(2)[O(t)l, D ~ ( ~ ) [ e ( t ) ]  = [3 cos2 e(t) - 
1]/2, CD = -2fiy1ys, PO = (3/2)1/2r3, and w 1 =  y,&l where 
B1 is the irradiation strength of the proton decoupling in 
frequency units. Then the master equation for relaxation 
becomes 
d i /d t  = 

2 t  
3 0  - -J A&t) Ao(t-7) [B(t),[B(t-7),Ri(t-7)]] d7 (19) 

where B(t) = (I@+ exp(iw1t) + 10s- exp(-iwlt) and the 
first term on the right is dropped. In expanding eq 19 we 
drop the oscillating terms containing t to get 

a,o(Qz,7) ~ - k o ( Q l , O )  dQ1 dQ2 (11) 
In the case of molecular jumps among a set of discrete 

orientations, the integrals in eq 11 must be replaced by 
summations. The set of conditional probability functions 
in eq 11 can be arranged into a matrix P(t). We assume 
that the time dependence of P(t) is determined by39 

dP(t)/dt = I'*P(t) (12) 
where I' is a stochastic exchange matrix. The solution of 
eq 12 is39 

P( t )  = P(0) exp(I't) (13) 
The case of interchange between two orientations (not 

necessarily present in equal amounts) is illustrative 

(14) 

where ki is the rate constant of a jump from orientation 
i.39 

For each value of kl and k2 we arrange the values of 
a+o(Qz,7) and ako(Q1,O) corresponding to the two orien- 
tations that are exchanged into row and column vectors 
A-kO and Aka. Then 

g 4 7 )  = A,, exp(rt)P(O) A+, (15) 
Diagonalization of the exchange matrix and replacement 

of the matrices in eq 15 with summations gives (after some 
algebra) 

g-&) = [P(Q,,O) a,&) + P(Q2,O) a,,(Q,)l x 
[P(Q,,O) a,o(Q,) + P(Q2,O) a-ko(Q2)l + 

P(Q1,O) P(Q290) [a,,(Q,) - ako(Q,)l [a-,o(Q,) - a-ko(Q,)l x 
exp[-(kl + k2)t1 (16) 

If the interaction repre~enta t ion~~ has been properly 
chosen (that is, if the rotating frame turns at the average 
frequency), the first term is 0. Furthermore, a k o ( t )  = 
a-kO*( t ) .  Thus 

g-&) = P(Q1,O) P(Q2,O) la&,) - a,o(Q,)12 x 
expI-(kl + k&I = AkO exp[-(kl + k2)t1 (17) 

Motions involving more than two sites are treated by Tor- 
chia and Szabo.37 

Slow Magic-Angle Spinning. For slow spinning the 
oscillatory part of the density matrix and Hamiltonian 
cannot be ignored. The problem is better handled with 
Floquet theory than with BPP.% Because our concern is 
primarily with the case in which spinning is fast, we will 
not develop the full analysis here for slow spinning. 

Interference of Motion with Proton Decoupling. 
For heteronuclear dipolar coupling, only the term for m 
= 0 need be considered in eq 2. In the appropriate 

which leads to 

d( I+) /d t  = 

or 

d (I+) /dt = -(I+) 7';' (23) 
Thus the line width is related to a cosine transform of a 
correlation function describing the nature of the motion. 
The methods of Torchia and Szabo37 can be used in 
evaluation of the correlation function. 

In samples spinning at  the magic angle there generally 
will be a distribution of line widths associated with the 
differing orientations of the molecules with respect to a 
frame fixed on the spinner. Spinning will partially average 
these line widths. An approximation of the width of the 
overall, non-Lorentzian signal can be obtained with a 
simple average of the remaining line widths. The ap- 
proximate nature of this number should, nevertheless, be 
kept in mind during an analysis based on it. 

Effect of the Spin-Echo Train. In principle, molec- 
ular reorientation taking place on a time scale comparable 
to the echo spacing could contribute directly to echo decay. 
Many rotations of the sample container occur between 
each pair of pulses, however. Likewise the proton irra- 
diation churns the spin system many times during one 
turn of the container. The chemical shift anisotropy and 
carbon-proton decoupling will both be reduced to zero 
before random reorientation can interfere if the stochastic 
process occurs a t  a rate comparable to the rate of radio- 
frequency pulsing. Thus direct interference of motion on 
the formation of the spin echoes is not important. Rather 
the spin-echo experiment serves as a convenient means by 
which the direct interference of reorientation on the 
spinning and decoupling processes may be observed 
through the indirect effect on the spin echoes. 
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Appendix B. Relation between 'SC NMR Spectral 
Line Widths and Spin-Lattice Relaxation in the 
Rotating Frame 

The rate at which carbon transverse magnetization 
decays in the presence of proton irradiation (decoupling) 
is closely related to the rate at which spin-locked carbon 
magnetization decays in a TIp measurement. In the former 
case time dependence is imparted to the carbon-proton 
interaction by irradiation of the protons; in the latter it 
is created by irradiation of the carbons. The frequency 
at which the coupling is modulated is equal in both cases 
if the power levels of the two channels have been set for 
a cross-polarization experiment. If there are no nonmo- 
tional contributions to TIp relaxation 

2T1,-l = Aod (24)  
where Aod is the carbon line width attributable to motional 
interference with decoupling.21 

An important nonmotional contribution to Tlp results 
from modulation of the carbon-proton coupling interaction 
by spin flips caused by strong coupling of the various 
protons in the polymer to each 0ther.~~1~0 In many 
polymers, however, especially those in which there is a 
low proton density, TI, relaxation is dominated by motional 
e f f e c t ~ . ~ ? ~ ~  Procedures are available for estimation of the 
importance of proton-proton interactions in doubtful 
cases.42 Interestingly, the interproton interactions are 
scaled down when the proton system is irradiated but not 
when the carbons are irradiated. Thus carbon line widths 
measured in the presence of proton decoupling are more 
likely to be motionally determined than are TIp relaxation 
times measured with carbon relaxation. 

Appendix C. Relation between a Distribution of 
Correlation Times and Distributions of Activation 
Parameters 

It is well-known that kinetic processes in amorphous 
polymers must be described in terms of a distribution of 
correlation times. For processes that involve interchange 
among discrete states, the correlations times are inversely 
related to the rate constants for interchange between states, 
and a distribution of correlation times translates into a 
distribution of rate constants k (or more conveniently, 
into a distribution of In k). 

Each rate constant in the distribution is related to an 
activation energy by the Arrhenius relation. 

k = k, exp(-EJRT) (25) 
It is tempting to interpret the distribution of rate 

constants in terms of a distribution of activation energies, 
E,. Equally plausible, however, is a distribution of pref- 
actors, ko. 

Activated complex theory shows that a distribution in 
activation energies is equivalent to a distribution in 
activation enthalpies. A distribution in prefactors is 
equivalent to a distribution of activation entropies. 

If there is a distribution of activation energies, the width 
in the distribution of In k scales inversely with temper- 
ature. If there is a distribution of prefactors, the width 
of the distribution of In k is temperature independent. 
Thus, in principle, it is possible to differentiate between 
the two possibilities. In real circumstances, of course, there 
is probably a combination of a distribution in prefactors 
and activation energies. 
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